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On Ihara’s lemma for Hilbert Modular Varieties 


Mladen Dimitrov 


Abstract 


Let /9 be a modulo p representation of the absolute Galois group of a totally real number 
field. Under the assumptions that p has large image and admits a low weight crystalline 
modular deformation we show that any low weight crystalline deformation of p unram¬ 
ified outside a finite set of primes will be modular. We follow the approach of Wiles as 
generalized by Fujiwara. The main new ingredient is an Ihara type lemma for the local 
component at p of the middle degree cohomology of a Hilbert modular variety. As an 
application we relate the algebraic p-part of the value at 1 of the adjoint L-function as¬ 
sociated to a Hilbert modular newform to the cardinality of the corresponding Selmer 
group. 
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1. Introduction. 


1.1 Statement of the main results. 

Let T be a totally real number field of degree d, ring of integers o and Galois closure F. Denote by 
Jp the set of all embeddings of F into M. The absolute Galois group of a field L is denoted hy Gp. 

Let / be a Hilbert modular newform over F of level n (an ideal of o), cohomological weight 
k = YIt&Jf ^ 2 of the same parity) and put ko = maxl/crlr G Jp}. For a prime p and an 

embedding ip : Q Qp one can associate to / and ip a p-adic representation (c/ [32l |33]) : 

Pf,p ■ Gf GL2(Qp), (1) 

which is irreducible, totally odd, unramified outside np and characterized by the property that for 
each prime v not dividing np we have tr(ppp(Frob„)) = ip(c(/, u)), where Frob^ denotes a geometric 
Frobenius at v and c(/, v) is the eigenvalue of / for the standard Hecke operator T^. The embedding 
ip defines a partition Jp = Jp^, where v runs over the primes of F dividing p and Jp^ denotes 
the set of embeddings of F^ in Qp. Then p/,p|g^^ is known to be de Rham of Hodge-Tate weights 
~ l)TeJF„! unless ko = 2, ppp is residually reducible but not nearly-ordinary, d is even 
and the automorphic representation associated to / is not a discrete series at any finite place (cf [T] 
and [22]). If p > feo is unramified in F and relatively prime to n, then p/,pbp^ is crystalline (c/ [2]). 
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Such a pf^p is defined over the ring of integers O of a finite extension E of Qp. Denote by k be the 
residue field of O and let 'pj p be the semi-simplification of the reduction of pf^p modulo a uniformizer 
w of O. We say that a two-dimensional irreducible p-adic (resp. modulo p) representation of is 
modular if it can be obtained by the above construction. The following conjecture is a well known 
extension to an arbitrary totally real field D of a conjecture of Fontaine and Mazur m ■■ 

Conjecture. A two-dimensional, irreducible, totally odd p-adic representation of Qp unramified 
outside a finite set of primes and de Rham at all primes v dividing p with distinct Hodge-Tate 
weights for each ^ Qp, is modular, up to a twist by an integer power of the p-adic cyclotomic 
character. 


Consider the assumption : 

(*) p is unramified in F and p — 1 > ~ !)■ 

We provide some evidence for this conjecture by proving : 

Theorem A. Let p : Qp —> GL 2 (Fp) he a continuous representation. Assume that : 

(Mod^) there exists a Hilbert modular newform f of level prime to p and cohomological weight k 
as in (*), such that ^ = p, and 

the image of Qp, by (g) Ind'^ p = 0 't) is irreducible of order divisible by p. 

tgGq!g f 

Then all crystalline deformations of p of weights between 0 and p — 2 and unramihed outside a 
finite set of primes are modular. 

Remark 1.1. We have greatly benefited from the work m of Fujiwara, though we use a different 
approach (c/ 111.21 for a more detailed discussion). Furthermore, the proof of theorem A relies on 
Fujiwara’s results in the minimal case. Let us mention however that if Pp = 0 (cf Definition W?2^ 
then Theorem A is independent of the results of [iTj (cf Theorem 15.1(1 . 

Remark 1.2. One can show that if F is Galois over Q and if / is a Hilbert modular newform on F 
which is not a theta series nor a twist of a base change of a Hilbert modular newform on E C F, 
then for all but finitely many primes p, p = Jif^p satisfies for all tp : Q > Qp. 

Remark 1.3. The level lowering results of Jarvis |20ll21j . Fujiwara [18] and Rajaei [2^, generalizing 
classical results of Ribet |28| et al. to the case of an arbitrary totally real field F, imply that the 
newform / in (Mod ) can be chosen so that pf^p is a minimally ramified deformation of p in the 
sense of Definition 14.51 


To a Hilbert modular newform as above, Blasius and Rogawski [T] attached a rank 3 motive over 
F with coefficients in Q, pure of weight zero and autodual. For all ip, its p-adic realization AdP{ppp) 
is given by the adjoint action of Qp via ppp on the space of two by two trace zero matrices. Denote 
by L(Ad°(ppp), s) and T{Ad^{pf^p), s) the associated L-function and F-factor. 

In this setting, Beilinson and Deligne conjecture that the order of vanishing of L(Ad°(pj-^p), s) 
at s = 1 equals dimHj(F, Ad‘^(p/^p) (g) Qp) — dimH°(F, Ad°(pj^p) (g) Qp), where Hj is the Selmer 
group defined by Bloch and Kato (cf [H] §2.1]). By a formula due to Shimura we know that 
L(Ad®(pj^p), 1) is a non-zero multiple of the Peterson inner product of /, hence does not vanish. 
Since pj^p is irreducible, by Schur’s lemma H'^(F, Ad°(ppp) (g) Qp) = 0. Therefore, in our case, the 
Beilinson-Deligne conjecture is equivalent to the vanishing of Hj (F, Ad°(pj^p) (g) Qp). 

Let Tam(Ad®(pj^p)) C O be the Tamagawa ideal introduced by Fontaine and Perrin-Riou {cf 
Hg 1.4.1, H.5.3.3]). ’ 
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Theorem B. Let f be a Hilbert modular newform over F of level prime to p and cohomological 
weight k as in (a). Let G C^/ be any two complementary Matsushima-Shimura-Harder 
periods as in Definition If p = pj p satisfies (LIj^^^p), then 


i) 

ii) 


( fT{A<fipf,p),l)HAd\pgp),l) 

V I 


= Tam(Ad°(p/,p))Fittc> (hJ(L, Ad°(p/,p) O Qp/Zp)), 
o 


The Beilinson-Deligne conjecture holds : (F, Ad^(pf^p) O Qp) = 0. 


An immediate corollary is that for p as in the theorem, the p-adic valuation of doesn’t 

change when we twist / by a Hecke character or when we choose different complementary periods. 

Theorem B is a first step towards the generalization to an arbitrary totally real field of the work 
m of Diamond, Flach and Guo on the Tamagawa number conjecture for Ad*^(p/^p) over Q. When 
F is not Q, it is an open problem how to identify the periods used in Theorem B with the 
motivic periods attached to / used in the formulation of the Tamagawa number conjecture. 


1.2 General strategy of the proof. 

The method we use originates in the work of Wiles [36] and Taylor-Wiles [35|, later developed by 
Diamond [10] and Fujiwara HZ]. 

Let p be as in Theorem A and let S be finite set of primes of F not dividing p. In ^4.21 we will 
define the notion of a S-ramified deformations of p. By Mazur [23] and Ramakrishna m. the functor 
assigning to a local complete noetherian O-algebra A with residue field k, the set of all S-ramified 
deformations of p to A, is representable by a O-algebra Fs; called the universal deformation ring. 
Since p is absolutely irreducible and odd, TZy, is topologically generated as a O-algebra by traces of 
images of elements of Qf (cf |36t pp.509-510]). Moreover by the Cebotarev Density Theorem, it is 
enough to take traces of images of Frobenius elements outside a finite set of primes. 

Let S' be a large finite set of primes and let Ts be the O-subalgebra of Hj O generated by 
(^p(c(/, where / runs over all Hilbert modular newforms of weight k such that pf^p is a S- 

ramified deformation of p. The O-algebra Ts is local complete noetherian and reduced. By the above 
discussion Ts does not depend on the choice of S and the natural homomorphism IZy, UfC> 
factors though a surjective homomorphism of local O-algebras vrs : Fs —> T^. Then Theorem A 
amounts to proving that tts is an isomorphism. 

We follow Wiles’ method consisting in showing first that tt 0 is an isomorphism [the minimal 
case) and then in proving, by induction on the cardinality of S, that vrs is an isomorphism (raising 
the level). In order to prove that IZ-z is “not too big” we use Galois cohomology via Proposition 16.51 
In order to prove that Ts is “not too small” we realize it geometrically as a local component of the 
Hecke algebra acting on the middle degree cohomology of some Shimura variety and then use this 
interpretation to study congruences. 

It is on that last point that our approach differs from Fujiwara’s. Whereas Fujiwara’s uses some 
quaternionic Shimura curves or Hida varieties of dimension 0, we use the d-dimensional Hilbert 
modular variety. The main ingredient in our approach is a result from m guaranteeing the torsion 
freeness of certain local components of the middle degree cohomology of a Hilbert modular variety, 
which will be recalled in the next section. 

In the minimal case our modularity result is strictly included in Fujiwara’s since we only treat the 
case Pp = 21 (c/Definition [32]) and furthermore we do not consider the ordinary non-crystalline case. 
On the other hand our level raising results are new, thanks to an Ihara type lemma for the middle 
degree cohomology of Hilbert modular varieties Icf Theorem 13.11) . Our proof relies substantially on 
the g-expansion principle, which is available for Hilbert modular varieties. 


3 



Mladen Dimitrov 


Finally, let us observe that whereas modularity lifting results similar to Theorem A may be 
obtained in various ways (c/ [29l [30l [3T] , [M] or [23]), the use of the cohomology of Hilbert modular 
varieties seem to be inevitable to obtain results on the adjoint L-functions and Selmer groups, as 
Theorem B. 


2. Cohomology of Hilbert modular varieties. 

In this section we state and prove a slightly more general version of a theorem in m- We take 
advantage of this opportunity to correct a wrong assumption in m, coming from a mistake in HU. 
We thank the referee for pointing out this error to us. 

2.1 Hilbert modular varieties. 

Denote by Z the profinite completion of Z and by A = (T 0 Z) x (T (8 )q M) the ring of adeles of F. 
For a prime v, let Wy denote an uniformizer of Fy. 

For an open compact subgroup U of (o<8)Z)^ we denote by Cu (resp. C^) the class group 
/F^U{F (8)qM)^ (resp. the narrow class group A^ /F^U{F where (F(g)QM)^ denotes 

the open cone of totally positive elements in (F (8)q M) ^ ). 

For an open compact subgroup K of GL 2 (T (8) Z) we denote by Yk the Hilbert modular vari¬ 
ety of level K with complex points GL 2 (T)\GL 2 (A)/iF • S02(T (8 )q M)(T (8)q M)^. By the Strong 
Approximation Theorem for GL 2 , the group of connected components of Yk is isomorphic to CXet{K)' 
We will consider the Hilbert modular varieties as analytic varieties, except in the proofs of 
Theorem 13.11 Proposition 13.31 and Proposition 15.51 where we will use integral models. 

For an ideal n of 0, we consider the following open compact subgroups of GL 2 (T (g) Z) : 


Ko{x^) = {il ^)gGL2(o®Z) 


c G n ^ , Ki(n) = 


G Koin) 


d — 1 G n 


Ku{n) = <! ( ” G A:i(n) a - 1 G n| , and K{n) = | f^ ^ ) G Arii(n) 


6 G n 


For ? = 0,1,11,0 let Y?(n) be the Hilbert modular variety of level iF?(n). 

Consider the following assumption : 

(NT) n does not divide 2, nor 3, nor Np/Q(h). 

In [141 Lemma 1.4] it is shown that under the assumption (NT), for all x G GL 2 (T (g) Z), the 
group GL 2 (T) n xKi(n)x~^{F (g)Q M)^ SL 2 (F (g)Q M) is torsion free. This is not sufficient to claim 
that Yi(n) is smooth. Here is a corrected statement : 

Lemma 2.1. i) Yk is smooth if, and only if, for all x G GL 2 (T (g) Z), the quotient of the group 
GL 2 (T) n xKx~^(F (g)Q M)^ SL 2 (T (g)Q M) by its center is torsion free. 

ii) If n satisfies (NT), then Yii(n) is smooth. 

iii) Let u be a prime ideal of F above a prime number q such that : 

• q splits completely in F{^/e \ e G o^,Vr G JF,T{e) > 0), and 

• q = —1 (mod At) for all prime numbers £ such that [F{Q) : F] = 2. 

Then Yo(u) is smooth. 

iv) If K' <Z K and Yk is smooth, then Yk' is smooth and the natural morphism Yk' Yk is etale 
with group K/K'{K n F^). 
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Proof. The claims (i) and (iv) are well known, (ii) easily follows from m Lemma 1.4]. We will omit 
the proof of (iii) since it is very similar to the proof of lemma I2.2f il given below. □ 


From now on, we will only consider compact open subgroups K factoring as a product 
over the primes v of F, such that Ky is maximal for all primes v dividing p and Yk is smooth. We 
denote by the set of primes v where Ky is not maximal. 


For a O-algebra A, we denote by V^ the sheaf of locally constant sections of 

GL 2 (F)\(GL 2 (A) X Va) IK ■ S02{F G)q R){F G)q M)^ ^ Yk, (2) 

^ > ^0 7 O o . _ . . T 

where Va denotes the algebraic irreducible representation (det^^G)Sym'=--M^)ofGL 2 (H)‘'f’ ^ 

GL 2 (o( 8 )H.) and K acts on the right on Va via its p-component Wy\pKy. Note that for K' C K, 

there is a natural projection pr : Y^' —> Y^ and pr* V^ = V^. For g G GL 2 (T 0 Z) (1 M 2 (o ^Z) we 
define the Hecke correspondence [KgK] on Yk by the usual diagram : 


Y, 


Kng-^Kg 


■9 




gKg 


Yk 


Yk 


(3) 


The Hecke correspondences act naturally on the Betti cohomology groups H*(yft:,Vyi) and on 
those with compact support H*(Yft' 5 VA). If Ky = GL 2 (o^), we define the standard Hecke operators 
Ty = [Ky l)Ky\ and = [Ky ^^)Ky]. 


2.2 Adjoint Hilbert modular varieties. 

For an open compact subgroup K of GL 2 (T ® Z) we define the adjoint Hilbert modular variety of 
level K : 

= gl2(t)\gl2(a)/a^ a-so2 (t®qM). (4) 

Again, we have Betti cohomology groups H*(y^'^, V^) and Hecke action on them. In particular, 
if Ky = GL 2 ( 0 i,), there is a Hecke operator Ty (the action of Sy is trivial). 

We call Y^ adjoint since it can be rewritten in terms of the adjoint group PGL 2 as follows : 

Y^ = PGL 2 (F)\PGL 2 (A)/A • PS02(T M), (5) 

where K is the image of K in PGL 2 (T ® Z). 

The group of connected components of Yk is isomorphic to the quotient of image 

of A^^, hence it is a 2 group. If det(iF) = (o^Z)^ then the group of connected components of Yk 
is isomorphic to the narrow class group Cp of F, while the group of connected of is isomorphic 
to the genus group Cp / = C~^ /(C^)^. Each connected component of Yff can be defined more 
classically using the Hurwitz-Maass extension of the Hilbert modular group. 

Lemma 2.2. i) Let u be a prime ideal of F above a prime number q, such that : 

• q splits completely in the ray class held of F modulo 4, and 

• q = —1 (mod 4£) for all prime numbers i such that [F{Q) : E)] = 2. 

Then yg'^^(u) is smooth. 

ii) If K' C K and Y^'^ is smooth, then Y^ is smooth and Yf^ Yff is etale with group 
K/K'{KnA^). 

Proof. We will show by contradiction that for all x G GL 2 (E ® Z), the quotient of the group 
GL 2 (E) n xKq{u)x~^ A^ SL 2 (E ®q M) by its center is torsion free. Suppose given an element 7 in 
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that group which is torsion of prime order (. in the quotient. Consider the (quadratic) extension 
FIj] = F[X]/{X‘^ — ti'^X + det 7 ) of F. Since 7 u G Kq{u)F^ ^ it follows that u splits in F[^]/F. 

If i is odd, then necessarily ^[ 7 ] = F{(i). Our second assumption on q implies then that u is 
inert in i^[ 7 ]. Contradiction. 

If £ = 2, then tr 7 = 0 and det 7 G F^ n (Z (g) 0 )^ By Class Field Theory, the extension 
F(-v/det 7 ) corresponds to a quotient of the class group by our first assumption 

on q, u splits in F(-v/det 7 ). On the other hand, by the second assumption u is inert in F{^/—l), 
hence u is inert in F{\/— det 7 ) = ^[ 7 ]. Contradiction. 

This proves (i). The proof of (ii) is left to the reader. □ 

2.3 Preeness results. 

Consider the maximal ideal trip = {zu,Ty — tr(/ 9 (Frob^)), — det(/o(Frob^)) N^/q(u)“^) of the ab¬ 

stract Hecke algebra = O [T^,, 5^ | v ^ S], where 5 is a finite set of primes containing Y,k'<->{v \ p}- 

Theorem 2.3. Let K = C GL 2 (T < 8 ) Z) be an open compact subgroup, maximal for at 

primes v dividing p and such that Yk is smooth. Under the assumptions (*) and (Llindp) • 

i) H*(FA, Vo)mp = Vc))mp = Vo)mp is a free O-module of finite rank. 

ii) hf* {Yk E/o)mp = (Xk E/o)mp is a divisible O-module of finite corank and the Pontryagin 
pairing }Y^{YK,Yo)mp x li‘^{YKXE/o)mp ^ E/O is a perfect duality. 

Moreover, ifY^ is smooth, then (i) and (ii) remain valid when we replace Yk by 

Proof. For K = iFi(n) the theorem is proved in |13l Theorems 4.4, 6 . 6 ], except that : 

— the assumption (Llindp) in [ISl §3.5] is formulated as follows : the restriction of p to Qy, is 
irreducible of order divisible by p, and is not a twist by a character of any of its other d—1 internal 
conjugates. This is clearly implied by (Llindp)- Conversely, if the assumption from [T3l §3.5] holds, 
then by m Lemma 6.5] every irreducible ^^-representation annihilated by the characteristic poly¬ 
nomial of ((g)Indp p)\g- is isomorphic to ((g) Ind'^ P)\gp^ ™ particular ((g) Ind^ P)\gp i® irreducible. 
Therefore these assumptions are equivalent. 

— Theorem 4.4 is proved under the assumption (MW). However, this assumption is only used 
through [T3l Lemma 4.2] and under the assumption (Lljndp) we can apply the stronger [13l Lemma 
6.5], hence the results of |13l Theorems 4.4] remain valid. 

— we do not assume here p to be modular, but this doesn’t affect the proofs of m in any way, 
since the arguments involving p are purely group-theoretic. 

Let us now explain how these results extend to more general level structures. Observe first 
that a conjugate of K has a normal subgroup of the form K{n) for some ideal n C 0 . Hence a 
conjugate of K contains L'ii(n) H Kq{X) as a normal subgroup. Therefore Yk admits a finite etale 
cover isomorphic to F^ii(n)nA:o(n 2 )) and the latter has a finite abelian cover F^\(n^) := M]^(c, n^), 

where c runs over a set of representatives of 2 )x -^i(c, u^) are the fine moduli spaces 

defined in [13( §1.4]. The following morphisms of Hilbert modular varieties are etale : 

— bli(n 2 ) — FAn(n)nAo(n 2 ) — Fa — Y^^. ( 6 ) 

Recall that each Mj^(c,n^) is a fine moduli space admitting an arithmetic model endowed with 
an universal Hilbert-Blumenthal abelian variety. In [la E! one proves various geometric results 
concerning M({c,n), such as the existence of minimal compactifications, the existence of proper 
smooth toroidal compactifications over Zp and the extension of certain vector bundles to these 
compactifications, the construction of a Berstein-Gelfand-Gelfand complex for distribution algebras 
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over O, having as consequence the degeneracy at Ei of the Hodge to De Rham spectral sequence. 
By applying those constructions to each component of y^\(n^), it follows that the highest weight 
~ Olnd^p does not occur in H*(Y^\(n^)Q,V^) for i < d. By [T3l Theorem 6.6] 

H*(Y'^\(n^)Q, VK)mp vanishes for i < d (it is important observe that the Hodge to De Rham spectral 
sequence is T'^-equivariant ; we refer to [131 §2.4] for a geometric definition of the Hecke correspon¬ 
dences). 

If Yx" —> Yx' is an etale morphism of smooth Hilbert modular varieties with group A, the 
corresponding Hoschild-Serre spectral sequence is Hecke equivariant and yields 

Ef = ^ lY+^{Yx^,Y^Ux (7) 

Starting from the vanishing of H*(y]^\(n^), VK)mp for i < d, then applying ([7]) to the morphisms of 
Q yields the vanishing of H*(y/^, VK)mp and H*(y^^, VK)mp) foi' i < d. The theorem then follows 
by exactly the same arguments as in [T3l Theorems 4.4, 6.6]. □ 

Proposition 2.4. Suppose given an etale morphism of smooth Hilbert modular varieties Yx —> Yx' 
with group A. Assume that A is an abelian p-group and that O is large enough to contain the values 
of all its characters. Then, under the assumptions (*) and (Llindp), Vc))mp Is a free 0[A]- 

module and H'^(yA:, Vc))top < 8 >c>[a] ^ i"^o)xnp as -modules. 

Proof. By Theorem [2R]]i) H!^{Yx,Yo)mp is free over O, hence by Nakayama’s lemma the desired 
freeness over C>[A] is equivalent to the freeness of H'^(Yft',¥0)^^ ® k over k[A]. 

Since A := k[A] is a local Artinial ring, freeness is equivalent to flatness. Hence we have to show 
that Torf(H'^(yi^,V,)^^,N) = 0 for i > 0 and H'^(y;^, n ^ H'^(y^q 

We reproduce here Eujiwara’s perfect complex argument {cf |17l Lemma 8.16]) following the 
presentation of Mokrane and Tilouine {cf [25( §10]). 

Let C* be the Godement resolution of the sheaf on the (complex) variety Yx. It has a natural 
action of A and there is an hypertor spectral sequence : 

Efo = Tor^^i(ff (C*), k ) => H*+^(C* (^ ak ). 

By definition H'^(C*) = H'^(yx,VK). Since Yx —> Yx' is etale with group A, it is a standard 
property of Godement’s resolution that H-^(C*(8 )an) = W{Yx',Yk) {cf [HI Lemma 8.18]). Hence 
the spectral sequence becomes : 

Efo = Tor(),(ff (yj^,V,),Ac) ^ ff+^(yxoV,). 

Since the Hecke operators are defined as correspondences, the spectral sequence is T'^-equivariant 
and we can localize it at irip. By Theorem 12.3lf iL we have H'^(yA', VK)mp = 0, unless j = d. Therefore 
the iTip-localization of the spectral sequence degenerates at E2, and gives : 

Tor^,(H''(y^,V,)^^,N) ^ W^'^{Yx',Y,)rap. 

Another application of Theorem 12.3H ) yields H^^'^{Yx',Y^Up = 0, unless f = 0. 

Hence Tor^,(H‘^(yi^, V,)„^ , k) = 0, unless z = 0 in which case 

H‘^{YK,Y^)mp ®A K = Tor^{H^{Yx,Y^)mp,K) = li‘^{yK',Y^)mp as desired. □ 

2.4 Twisted Hilbert modular varieties and Hecke operators. 

Let U be an open compact subgroup of (o(8)Z)^ and let K be an open compact subgroup of 
GL2(E (8) Z) such that Arii(n) C K C K(j{n), for some ideal n C 0. Assuming that U and K 
decompose as a product over all primes v, so does the group 

K'= {x e K\dei{x) eU]. (8) 
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We define the twisted Hecke operators = [K'^ (?) ^v] S'^ = [K'^ () K'^]^ for t f n, 

and [/' = [K; ( “” ° ) K'^], for v \ n. 

Note that if t ^ then T^, S'^ and U[, coincide with the standard Hecke operators. In general, 
they depend on the choice of in the following way : if we replace by then and U[, are 
multiplied by the invertible Hecke operator U 5 := [K'^ ( 01 ) ^'v\ — (0 i)> 6 = ^ £ 0 ^, 

whereas S'^ is multiplied by its square. 

For a finite order Hecke character ip of , we denote by [ip] the ?/;-isotypic part for the 

action of the Hecke operators S^, v ^ ^k'- 

For a finite order character v of (o(8>Zi)^, trivial on U, we denote by [v] the i^-isotypic part for 
the action of the Hecke operators Us for <5 G 0 ^ . 


2.5 Modified Poincare pairing. 

We keep the notations from the previous paragraph we denote by Hf(Y/^/,Vc)) the image of 
Hf(y/^/,Vo) in H'^(Yft-/,Vo). There is perfect pairing (•,•) : Vq x Vq ^ O described in [32l p.270] 
such that for all x G {M 2 { 0 ) n GL 2 (F'))'^^ we have 

(•x,-x) = det(x)(''°- 2 )*(.,.). 

It induces by cup product a pairing : 

Hf(YKqVo) X Hf(W^qVo) ^ Yi^^YK'^o)- 

By the above relation, for any character ip of , the pairing only relates the [i/'j-part to the 

[ip~^]--gaii. Moreover Hf(Yft-/, Vo)[V'] — V^), where V^ is the sheaf locally constant sections 

of 

GL 2 (T)\(gL 2 (A) X H^)/A^(P)iF'S02(T®QM) (9) 

where the prime to p ideles A^^^^ act on Vq via ip\ ■ (note that this is compatible with the 
action of K', since by definition ip is trivial on iF' n A^). By fixing a character of the connected 
components of (note that this is a 2 -group and p will be odd) we obtain a pairing 

[ , ]: Hf(yif,v^) X Hf(y^f,¥^'') ^ H2''(y^'),Vo) ^ O, (10) 

which becomes perfect after extending scalars to E. 

The adjoint of the Hecke operator [K'xK'] with respect to this pairing is ip{x)[K' det(x)x“^iF']. 
We will next replace this pairing by a Hecke equivariant one. Put i = (” 0 ^), where by an abuse 
of notation the ideal n denotes also the corresponding idele. Since we will be only interested in 
commutative Hecke algebras, we can restrict our attention to Hecke operators corresponding to 
diagonal x and in this case det(x)x“^ = i~^xi. 

If K is iFii(n) or KQ{n), then both K and K' are normalized by i. If iFii(n) C K C Aro(n) is of 
the groups that will be considered in ^4.41 one can easily check that for every diagonal x one can 
choose the Xj’s so that we simultaneously have K'xK' = \[^K'xi and K'xK' = \[^K'xi, where 
= iK'i~^. It follows that we have a commutative diagram : 


Hf(y^f,¥:^ 


o) 

[K'i-'xiK'\ 
ad \T'‘P 


^^^Hf(y^'),V^) '> Tjdlwad ' 


Hf(y^?,v^ 


[K'c] 


[kUK] 

■Hf(y^'?,vg) 


Hf(y^<),v^ ) 
'> Hf(y^f,vg'') 


( 11 ) 


By composing the above pairing with the first line in the diagram we obtain a new pairing ; 


( , ): Hf(y^f,v^) X Hf(y^7,v^) ^ o. 


ad vrV'' 


(12) 
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that we call the modified Poincare pairing. It has the advantage of being Hecke equivariant, in 
particular T'^-linear. Under the assumptions of theorem IZIi) its rrip-localization yields a perfect 
O-duality of O-free modules : 

( , ) : X - O ■ (13) 

3. Ihara’s lemma for Hilbert modular varieties. 

Recall our running assumptions that K factors as a product Hi, over the primes v of F, that 
Ky is maximal for all primes v dividing p and that Yk is smooth. 

Let q be a prime not dividing p and let S' be a finite set of primes containing those dividing p q 
and the set of primes Yk where K is not maximal. 

Consider the maximal ideal rrip = {w,Ty — tr(/3(Frob^)), 5^, — det(/9(Frob^)) of the 

abstract Hecke algebra = C>[r^,S'„| v ^ 5]. The Betti cohomology groups H'^(y/^,Vo) defined 
in i|2.1l are modules over T'^. 

3.1 Main theorem. 

Fix a finite index subgroup U of , and suppose that iFq = {x G GL2(0q)| det(x) G U}. 

In 112.41 we defined Hecke operators T', 5' (resp. [/', Us, d G ) acting on H'^(y/^,VA) (resp. on 
H''(Vi^nAo(q),VA)). 

Finally consider the degeneracy maps pr]^,pr2 ; FxnA'ofq) used in the definition of the 

Hecke correspondence T'. 

Theorem 3.1. Assume that (*) and (Llindp) hold. Then the mp-localization of the -linear ho¬ 
momorphism : 

pr^ + pr^ : H''(Vi,,Vo)®' ^ H''(lAnAo(q),Vo) 
is injective with flat cokernel. 

Proof. Our proof is geometric and relies on the existence of smooth models Yk (resp. TRTiA'o(q)) 
of Yk (resp. Fft'nA'ofq)) unramified extension of Zp and on the existence of smooth toroidal 

compactifications thereof. One should be careful to observe that K n R"o(q) is maximal at primes 
dividing p. By the Betti-etale comparison isomorphism the cohomology groups 

IF := H (T/^^Q;VK)mp and 11^0(11) •= H (I'AnA'ofq),^’VK)mp) 

are endowed with a structure of T‘^[^q] modules. The theorem is equivalent to the injectivity of 
T‘^[^(q]- linear homomorphism : 

pr^ + pr^lU®2^1Uo(q). 

The image of in EndK(lU) is a local Artinian ring and (mpVF)j^o is a finite decreasing 
filtration of W by T’^[^(q] -modules. By the torsion freeness result in Theorem l2.3H L both W and the 
graded pieces m), Wj W are quotients of two T'^[^Q]-stable O-lattices in H‘^(y^Q, Vc))^^^ 

By a theorem of Brylinski and Labesse [3], it follows that the characteristic polynomial of (8)Ind'^ p 
annihilates the K[^Q]-module vYpW/rcd^^W (c/also [U Lemma 3]). It follows then from (Llindp) 
and m Lemma 6.5] that every ^^-irreducible subquotient of W is isomorphic to (8) Ind® p. The 
same arguments apply also to lTo(c|)- Therefore we can check the above injectivity by checking it 
on the last graded pieces of the corresponding Fontaine-Laffaille modules. 

By Faltings’ etale-crystalline comparison theorem and the degeneracy of the Hodge to De Rham 
spectral sequence (c/ |13l Theorem 5.13]) the claim would follow from the following lemma (although 
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this part of the argument relies on the existence of toroidal compactifications of yx and d^E'nA'olq)! 
by Kocher’s Principle we can omit them as long as we are concerned with global sections of the 
invertible bundle (g) (c/ [HI §1.5,§1.7])) : □ 

Lemma 3.2. The following homomorphism is injective 

prt +pr* : ® ^ R^{yKnKM ® 

Proof. Let {g',g) be an element of the kernel : pr]](5') = — pr2(g'). 

Since the homomorphism is [/'-equivariant for the ?7q-action on the left hand side given by the 
matrix ^ ^ we may assume that {g',g) is an eigenvector for [7^. Similarly may assume 

that g' is an eigenvector for S'q. This implies that g' is a multiple of g, hence pr2(g) = — pr^(g') 
is a multiple of pr^(g). On the other hand, pr^(g') has the same g-expansion as g, whereas the 
g-expansions of pr2(5) and g are related as follows : for every x G F 0 Z, 


c(p4te)l„U = . it 

I 0 , otherwise. 


(14) 


It follows that c{g, x) = 0 for all x, which in vertu of the g-expansion Principle implies g = 0. The 
proof of Theorem 13.11 is now complete. □ 

3.2 More cohomological results. 

Fix a finite index subgroup 17 of Oq , and suppose that Kq = {x G iFi(q'^“^)| det(x) e 17}. 

Consider the degeneracy maps 


pi'ijPD • ^nAi(q'=) T/^nA'o(q'=) “i" and 


pi's, PD : ^AnAi(q'=)nAo(qii+i) 
used in the definition of the Hecke correspondence 77' in 


V, 


(15) 


KnKi(q‘^)j 


Proposition 3.3. Assume that (*) and (Llin^p) hold. Then the mp-localization of the -linear 
sequence : 


0 ^ H''(y^nAi(q-i), Vo) H''(y^nATq=), Vo)' 

is exact and the last arrow has Eat cokernel. 


H''(y^nAi(qc)nAo(q=+t),Vo) 


Proof. We follow closely Fujiwara’s argument m Proposition 5.13], except for the last part of it 
where we use a geometric argument instead (Fujiwara uses open compact subgroups which do not 
satisfy our running assumption to be maximal at primes dividing p). 

It is enough to prove the exactness after tensoring with k, which by Theorem 12.3l il amounts to 
replacing Vo by V^. Put Ko = K D Ki = K D iFi(q'=), 


j)(iFniFi(q=))r^^' J'l ,and 




(iFniFi(q=)niFo(q=+'))(^g^' = iF n iFi(q‘=) n iF°(q) 

where K^(q) = iFo(q) 


j-i 0 

^ 2 1 opposite parahoric subgroup. 
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For i = 0,1)2,3 put V = ^Ki- By the above computations it is equivalent then to prove the 
exactness of the sequence : 


O^R<^iYo,Y^)r 


(prO,-pr' 2 ‘) 




prV+prV 


H''(V 3 ,V, 


K)mp : 


where 



Yi pr 



>2 


Vn 


pr^ 


and the projections are induced by the inclusion of the open compact subgroups. 


Taking models of the V (0 ^ i ^ 3) over Q and using Betti-etale comparison isomorphisms 
turns the above sequence into a sequence of T‘^[^q]- modules Wi := q, V^jmp- As in the 

proof of Theorem 13.11 the condition (Llindp) implies that every ^^-irreducible subquotient of Wi 
(0 ^ i ^ 3) is isomorphic to (8> Ind'^ p. Therefore it is enough to check the exactness on the last 
graded pieces of the Fontaine-Laffaille modules. This is the object of the following : □ 


Lemma 3.4. The following sequence is exact : 


Proof. We will adapt the analytic argument of m Lemma 5.14] in order to show that the coproduct 
Ti T 2 is isomorphic to To as K-schemes. 

For 0 ^ i ^ 3, there exists a hne moduli scheme yj such that yj —> Ti is a finite etale with 
group 

^ _F^n detiKi) 

* (FxniFi)2 ’ 

where Ai = A 2 = A 3 —» Ag (recall that by definition y\ has the same number of connected 
components as T*)- Since y\ —> To is Aj-equivariant (where the action on To is via the surjection 
Aj ^ Aq), we have Ti Uvi A’n — To for all i. Hence it is enough to show that Ti Uvi 3^2 — 3^o- 

We will show this claim using the following functorial description of the Ti’s : 

i) To classifies polarized Hilbert-Blumenthal abelian varieties A with /r^c-i-level structure P and 
some additional level structures that we will ignore since they are the same for Ti for all 
0 ^ i < 3 ; 

ii) Ti classifies polarized Hilbert-Blumenthal abelian varieties A with /iqc-level structure Q ; 

hi) T 2 classifies polarized Hilbert-Blumenthal abelian varieties A with a ;Uq-subgroup C and a 
/Xqc-level structure Q in A/C ; 

iv) T 3 classifies polarized Hilbert-Blumenthal abelian varieties A with /iqc-level structure Q and a 
/iq-subgroup C disjoint from the group generated by Q. 

The morphisms pr'- in the diagram above come from forgetful functors described as follows : 

i) pr 4 (H, Q, C) = {A, Q mod C, C), where Q mod (7 is a ^qc-level structure on A/C, since C is 
disjoint from the group generated by Q ; 

ii) v^^{A,^C) = {A,Qy, 

hi) pr 2 (H,Q,C') = {A,Q‘^) where it is important to note that Q‘^ is a well dehned /iqc-i-level 
structure on A (not only \n A/C) ; 

iv) g>vyA,Q) = {A,Q‘^), where Q'’ is the ;Uqc-i-level structure deduced from Q obtained by com¬ 
posing with the dual p^c-i ^ of the natural projection 0 / q'^ ^ 0 / 
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We have pr'^ o pr3(^, Q, C) = {A,Q‘^) = {A,{Q mod C')*’) = pr2 o pr^(A, Q, C). 

We have to show that given any two homomorphisms hi : y\ ^ X and /12 : 3^2 such that 
hi o pr3 = /i2 o w'aj there exists an unique homomorphism Hq : ^ X such that hi = ho o pr'^ 

and h 2 = ho o pr2. By the functorial description of the 3 ^q’s and the pr'-’s the claim is reduced to a 
simple lemma from group theory saying that, if Kq is generated by Ki and K 2 , then the coproduct 
Ko/Ki Uko/K 3 K 0 /K 2 = Ko/Ki K 0 /K 2 is a singleton. 

Hence Xi ]J2;3 3^2 — 3^0 yielding an exact sequence of sheaves over Xo : 

0 ^ (g) pr; * pr; (g) © pr'2 * pr'2 (g) ^ pr^ pr* 

Since the functor of global sections is left-exact, this implies the lemma. □ 

4. Twisting. 

Let p :Qp ^ GL2 (k) be a totally odd, absolutely irreducible representation. 

4.1 Local twist types. 

For a prime v of F, we identify with a decomposition subgroup of and denote by ly its 
inertia subgroup. Let be the restriction of p to Gp^. We normalize the local Class Field Theory 
isomorphism so that the uniformizer Wy correspond to geometric Frobenius. 

Over a totally real field F, twists of minimal conductor exist locally, but not necessarily globally. 
This observation motivates the following definition, due to Fujiwara : 

Definition 4.1. Let u be a prime of F not dividing p. A local twist type character for p„ is a 
character Vy '■ Gf^ ^ such that py ® Vy~^ has minimal conductor amongst all twist of py by 
characters of Gf^- For any prime v we choose once for all a local twist type character Vy and use 
the same notation for the character of F^ coming from local Class Field Theory. For simplicity, we 
choose Wy and Fy, so that Fy{wy) = 1 . 

Definition 4.2. Let Sp be the set of primes v not dividing p such that py © Vy~^ is ramified. 

Let Sp be the set of primes v G T,p such that py is reducible. 

Let Pp be the set of primes v G T,p such that py is irreducible but py\F is reducible, and 
Nf/qC'*^) = -1 (mod p). 

Note that Sp, Sp and Pp do not change when we twist p by a character. 

4.2 Minimally ramified deformations. 

For a character p taking values in , we denote by p its Teichmiiller lift. 

Let A be a local complete noetherian O-algebra with residue field n and py : Gf^ ^ CL2(A) be 
a lifting of py. For F = Q, the following definition coincides with the notion introduced in [9]. 

Definition 4.3. We say that py is a minimally ramified if detp„|p = det p„|p and additionally : 

— if V ^ Sp, then py © is unramified. 

— A V G Sp, then {py © f^'^Y'’ / 0. 

— if u e Pp and {py © / 0 for some character py : ly ^ , then (p^ © Y 0- 

Remark 4.4. i) If py is a minimally ramified lifting of py then p„ © p is a minimally ramified 
lifting of p^ © p for all characters p : Gf,, . 
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ii) If pv is a minimally ramified lifting of then the Artin conductors of py and py coincide and 
det/Sy|/„ is the Teichmiiller lift of deipy\i^. The converse holds if py has minimal conductor 
among its twists and v ^ Pp (c/ [H Remark 3.5]). 

Let Xp : ^ Zp be the p-adic cyclotomic character. Fix a finite p-power order character 

([) : Qf ^ of conductor prime to p, and define ip : Gf ^ as the unique character such that 
ip(l)~‘^ is the Teichmiiller lift of (xp mod p) ■ det p. 

Definition 4.5. Let S be finite set of primes of F not dividing p. Let A be a local complete 
noetherian O-algebra with residue field k. We say that a deformation p : Qf ^ GL2(A) of p to A 
is S-ramified, if the following three conditions hold : 

— p<Si <p~^ is minimally ramified at all primes v ^ S, v\ p (c f Definition [4^ . 

— p is crystalline at each primes v dividing p with Hodge-Tate weights ( ^o-V ^ fco+V _ ^ 

— detp = Xp“''°V’- 

A 0-ramified deformation is called minimally ramified. 

Note that if p/^p is a S-ramified deformation of p, then the central character of / has to be 
ip\ ■ When p is odd every p-power character of Qf has a square root, hence the determinant 

of any finitely ramified low weight crystalline deformation of p is of the form Xp~^°V’) for some ip as 
above. 

4.3 Auxiliary level structures. 

Under the assumption (Llindp)) a standard argument (c/ [211 §12]) using the Cebotarev Density 
Theorem implies that there exist infinitely many primes u of T as in lemma \2^ i) . such that 

i) Nf/q(u) ^ 1 (mod p) and 

ii) (j) and p are unramified at u, and tr(p(Frobu))^ ^ ?/;(u) Nf/q(u)^°“^(Nf/q(u) + 1)^ (mod w). 

In particular this implies that Lu(Ad*^(p), 1) G Let us fix such a prime u and denote by ay 
and /9u the eigenvalues of p(Frobu). 

Lemma 4.6. The natural projection Tp^u{u} Pp isomorphism. 

Proof. It amounts to proving that if / is a newform of weight fe, central character ip\ ■ and 
level prime to p, and if ppp is a deformation of p then the local component tTu of the associated 
automorphic representation vr is unramified. Since pu is unramified, if vTy is ramified, then necessarily 
the valuation of its conductor is 1 or 2. Since vTy has unramified central character this implies 
that dim= 1 or dim7r,^°^^ ^ = 1. In the first case is a special representation, hence 
ay = /3uNf/q(u)^^ (mod vu). In the second case tTu is either a ramified principal series, in which 
case Nf/(q(u) = 1 (mod p), or a supercuspidal representation, in which case Nf/q(u) = —1 (mod p) 
and tr(p(Frobu)) = 0 (mod ro). In both cases this contradicts our assumptions. □ 

By lemmas l2.in ii) and l2.2H i. for all K C iFo(u), Yk and are smooth. However by lemma 14^ 
the additional level at u does not modify the local components of the Hecke algebras and cohomology 
modules that we consider, hence we will omit it in our notations. 

4.4 Level structures and Hecke operators associated to p. 

The cohomology of the Hilbert modular varieties for the level structures that we will introduce in 
this paragraph will play an important role in the study of modular deformations of p. 
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For V not dividing p denote by be the valuation of the Artin conductor of pv® Vv ^ and by 


dv the dimension of ® v ^1^" fcf Definition 14.11) . Put Cy = dy = 0 if v divides p. Define 

< = ker(A:i(u=") ^ 0 ^ ^ O^) , and 
K” = ker(iFi (?;'=’') n - 

Note that for all but finitely many primes u, we have 

Ov 


del X 

-> 0„ -> (J 


= ^\o- = 1 - 


(16) 


For a prime u as in lemma 12.21 11 and a finite set of primes S of F" not dividing p we put 




Cy-\-dy 


n 




and 


As = Ao(u) n n a; [] a; C Ao(ns) , and Kp = K^. 


(17) 


As in ^2.41 we define Hecke operators Us := A(,(^5) and Ss '■= A(,(^^), for all v where 
6 = ^ e 0 ^ ■,T' = [A; 0) and 5 ; = [A; (-•' l)K] for u ^ S such that c, = 0 ; 

Uy = [A; °) a;] for u ^ S such that > 0 ; A" = [A" (““ ?) A"] for u e S. 


Let Q he a finite set of primes as in ^5.21 and let Aq be the p-Sylow of (0 / q)^. Put 

Ao,q = Ap n [J Ao(q) , and A® = A^ n n X? ( 18 ) 

qeQ qSQ 

where A® is the kernel of the composition of Ao(q) ^ (o/q)^, (“ d) ^ with the natural projec¬ 
tion (o/q)^ —> Aq. 

For q G (5 and <5 G q, the operator Ss ■= A® (g 5 ) is trivial, the operator Us := [K^ (q K^] 
depends only on the image of 6 in Aq, and the operator Aq := [A^ (^‘’ 5 ) -^?] depends on the 
choice of -ajq is described in ^2.41 


4.5 Decomposing the central action. 

Since our aim is to study automorphic forms with fixed central character, we will only consider open 
sugroups A C Kp such that A n = Kp n hU. Consider the idele class group 

Cp ■= ■ (lii) 

The natural inclusions induce the following commutative diagram, where all morphisms are etale 
for the indicated (abelian) groups : 


y^ad 

P 


F^Ki{n0)/F>^Kp 


Yi{n 0 ) 


1+Z0n 0 


AI8 /fdn^j/AX 


y^ad 

ne, 


( 20 ) 


If u G Sp the p-Sylow subgroup of (0 /v)^ injects naturally in Ai(n 0 )/A^ Kp (a fortiori in 
A^Ai(n 0 )/A^ Ap), hence acts freely on Yp'^ and Yp. It follows that the etale morphism Yp ^ Y^^ 
factors through an etale morphism Yp —> Y^ with group the p-group 

= (p-Sylow of Cp) X {Oy /kev{(j)y)). (21) 

veT.p 

Recall that [tp] denotes the i/’-isotypic part for the action of the Hecke operators 5(,, v ^ Sp, 
where ^p is seen as a finite order Hecke character of Cp, and that [(pV] denotes the intersection of the 
(^^F^-isotypic parts for the action of the Hecke operators Us for 5 G 0 ^ . 
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For V ^ T,p we have C/| = Ss and since p is odd, the i;/)^-action at those v is determined by the 
action of the central character. 

Hence the [ijj, U(/i]-part is the intersection of the [cfy^, ^]-part for the action of the p-group Ap with 
the u]-isotypic part for the action of a prime to p order group. This geometric description of 

the Hecke action of Ap will play an important role for our construction. 

5. Modularity of the minimally ramified deformations. 

Let p : Gf ^ GL 2 (fi;) be a continuous representation satisfying and (Mod^). 

The main aim of this section is to prove : 

Theorem 5.1. Suppose Pp = 0. Then all minimally ramified deformations of p are modular. 

In the notations of ^1.21 the above theorem amounts to prove that vr : 7^ —» T is an isomorphism 
(since S = 0 in the entire section, we shall omit the subscripts). Our proof uses a stronger version, 
due to Fujiwara [171 §2], of a method invented by Wiles [36] and Taylor-Wiles [35| and known as a 
Taylor-Wiles system (a similar formalism has been found independently by Diamond uni). 

The construction of a Taylor-Wiles system will occupy the entire section. It includes namely a 
geometric realization of T as a Hecke algebra acting on the local component Af at p of the middle 
degree cohomology of a Hilbert modular variety. The torsion freeness of Af is a crucial ingredient 
(cf Theorem l2.3l iH. Lemmas 14.6115.4115.61 and lATl are proved using standard fact about automorphic 
representations and local Langlands correspondence for GL(2), whereas propositions 1 5.5 II 5.8 1 and 
15.91 use finer geometric arguments. 

Note that Fujiwara’s formalism isn’t essential for us since we know that A4 is free over Tand 
TPp is Gorenstein. This fact is an important ingredient in the proof of Theorem A, and is shown in 
Proposition 15.51 without assuming Pp = 0. Actually, we will only assume Pp = 0 in T5.61 

5.1 The formalism of Taylor-Wiles systems, following Fujiwara. 

Definition 5.2. Let Q be a family of finite sets of primes q of F such that Np/Q(q) = 1 (mod p). 
A Taylor-Wiles system for Q is a family {F, A4, {P'Q,M^)q^q} such that 

(TWl) TZq is a local complete ©[Agj-algebra, where Aq = Oqeg Aq is the p-Sylow of 

(o/q)". 

(TW2) F is a local complete O-algebra and there is an isomorphism of local complete O-algebras 
'^Q®o[/^q\ O = Tl. 

(TW3) A4 is a non-zero F-module, and is an Fg-module, free of finite rank over C)[Aq] 
and such that G)c)[Aq] O is isomorphic to A1 as F-module. 

We denote by T the image of F —> Endo (A1). 

When Q = {Qm\m £ N}, we will write TZrn,Aim,, ■■■ instead of A4^"*,... . 

Theorem 5.3. [771 §2/ Let {TZ, (Fm, Alm)meN} be a Taylor-Wiles system. Assume that for all m: 

i) for all q e Qm, NF/Q(q) = 1 (mod p™), 

ii) TZrn can be generated by i^Qm = c elements as a local complete O-algebra. 

Then, the natural surjection IZ ^ T is an isomorphism. Moreover, these algebras are flat and 
complete intersection of relative dimension zero over O and Ai is free over T. 
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5.2 The rings TZq. 

Let Q be a finite set of auxiliary primes q of F satisfying : 

i) NF/(Q(q) = 1 (mod p), and 

ii) (j) and p are unramified at q, and /9(Probq) has two distinct eigenvalues Oq and /3q in k. 

For such a Q we can associate by ^1.21 an universal deformation ring TZq, endowed with a 
canonical surjection TZq TZ 0 =: TZ. By a result of Faltings (c/ [33 Appendix]) TZq is a 0[Aq]- 
algebra and TZq < 8 )c)[Aq] O = TZ. Thus (TWl) and (TW2) hold. 

More generally, for any set of primes P disjoint from Q, TZq\jp is a ©[Agj-algebra and 

Fqup ®c>[Aq] O = TZp . (22) 

In particular TZq\jp^ is a OfA^j-algebra. 

5.3 The module M.. 

Denote by Yp the Hilbert modular varieties of level Kp defined in 114.41 

Let 5 be a finite set of primes containing Sp U {u |p} U {u} U {u | cfn/y ramified} = U {u jpj. 
Denote trip the maximal ideal of T'^ = O [T^, 5^ | v ^ S] corresponding to p. 

Recall that [i/l] denotes the i/^-isotypic part for the action of the Hecke operators Sy, v ^ S, and 
[^(p] the intersection of [(/>My]-isotypic parts for the action of the Hecke operators Us = [Kp (j) ^) Kp] 
for 6 € Oy . 

Fix an eigenvalue of /9(Frobu) and consider the O-module : 

M := H''(yp,Vo)[iA,?</-](mp,c/p-aD- (23) 

Let be the image of T'^ in the ring of O-linear endomorphisms of M.. 

By Theorem 12.3f i) the rrip-localization of the T’^-module H'^(l},, Vo) is free over O. Hence M is 
free over O as a direct factor of free O-module. 

Moreover, A4 is non-zero by (Mod^) and remark 11.31 For any newform / occurring in A4, 
consider the maximal ideal 

m/ = {w,TP - Lp{c{f,v)),S'y - Lp{'tjj{v))l<ip/,u!^, - Lp{c{f,v'))-,v ^ T.p,v' € Sp) 

of TTfuii = i ^p][U'p]v' e Spj. Note that = tUp. 

Let T (resp. m) be the image of (resp. rtij) in the ring of O-linear endomorphisms of 

Lemma 5.4. i) There is an unique isomorphism of -algebras Tp^ ^ T', 

ii) A4 ( 8 > C is free of rank 2 '^ over Tp^^C, and 

iii) the natural injective algebra homomorphism T' Tm is an isomorphism. 

Proof, (i) By lemma [T 6 l we have TPpU{u} —'^Pp- Since O-algebras TppUju} T' are torsion free 
(the first one by definition, the second one because A4 is free over O), it is enough to show that 
there is an unique isomorphism of T'^ (8) C-algebras between T PpU{u} ® C! and (8) C (tensors being 
over O for some hxed embedding O ^ C). 

Consider a (cuspidal) automorphic representation vr generated by a holomorphic newform / 
of weight k, central character if] ■ prime to p conductor. By definition tt contributes to 

T PpU{u} <S)C if, and only if, for all primes v f py, v ^ Pp, ( 8 ) Pfplgp^ is a minimally ramified 
deformation of py. 


16 


On Ihara’s lemma for Hilbert Modular Varieties 


For V ^ Pp, V ^ y, remark 14.41 shows that ® Pf,p\GF ^ minimally ramified deforma¬ 
tion of pv if, and only if, {(l)Vy)~^ (g) has conductor Cy. By Carayol’s Theorem [5] on the 

compatibility between the local and the global Langlands correspondences this is equivalent to 

{'Ky ® = 'Ky'’[(t)Vy\ ^ 0 . 

If u G Pp then (imi{pf^p®{(j)Vy)~^y'’ = dim(/5(8)uT^)^” = 0, hence {4>^v)~^®Pf,p\g p has conductor 
Cy and so (vr^, (g) y 0. 

Finally, the argument of lemma 14.61 shows that tTu is unramified, hence is two dimensional 

and contains an unique eigenline for Uy with eigenvalue 5u congruent to ciu modulo w. 

Therefore, vr contributes to A4 (g) C. By the Matsushima-Shimura-Harder isomorphism, this is 
equivalent to vr contributing to T^(g)C. Conversely, if tt contributes to T^(g)C, the same arguments 
show that TT contributes to T ,U{u} 

(ii) Let TT be an automorphic representation contributing to T^(g)C. As a byproduct of the 
computations in (i) we have dim 7 r,^°^"^ [C/y — aj = 1 and dim-Tr^” = 1 for all v y y. By the 
Matsushima-Shimura-Harder isomorphism, the vif-part of At (g) C is 2‘^-dimensional. 

(iii) We have to show that for all u G 5 the image (or [/(,) in Endc)(A4) belong to T'. The 
argument uses local Langlands correspondence and the fact that A4 is torsion free. As observed 
in 111.21 there exists a Pp-deformation p of p with coefficients in Tand by (i) there is an unique 
isomorphism of T'^ algebras Tp^ = T^ It remains to prove that the resulting homomorphism Tp^ —> 
Tm is surjective. 

Ifu ^ Sp, then the eigenvalue ofT^ on 7 r^’'[(/)Pu] equals the eigenvalue ofTyOn 
Recall that i>y{vuy) = 1. Hence the action of on Ai is given by ^(( 0 ® ((/)Py)“^)(Frob„) G Tp^. 

If u G Sp, then the eigenvalue of Uy on [(pUy] equals the eigenvalue of Uy on {Try^{4)Uy)~y^''-^'"‘''’\ 
Hence the action of Uy on Ai is given by the eigenvalue of (p ® ((/>r'y)“^)(Proby) on the line 
(/O® hence belongs to Tp^. 

If u G T,p\Sp, then Uy = 0. This completes the proof. □ 

Proposition 5.5. Ai is free of rank 2*^ over Tp^ and Tp^ is Gorenstein. 

Proof. Put W = H'^(Fp, Vk)[V’) P0 ](mp,i7u-au)- By lemma [ST] and [ISl lemma 6 . 8 ], it is enough to 
show that IT[m] = Ai ®Tm^ is a k- vector space of dimension at most 2 '^. 

As in the proof of Proposition 13.11 the condition (Llindp) implies that every ^^-irreducible 
subquotient of VF[m] C bF[iTip] is isomorphic to ® Ind'^ p. Therefore it is enough to check that the 
last graded piece of the Fontaine-Laffaille module attached to IT[m] has dimension ^ 1. Again as 
in the proofs of Theorem 12.31 and Proposition 13.11 this amounts to showing that : 

dimYi\yp ^ 1. (24) 

By the ^-expansion Principle, a Hilbert modular form in H*^(Tp/K,w^ ® is uniquely 

determined by the coefficients of its (^-expansion. The coefficients are indexed by (F®Z)/ ]]][.y ker(py), 
hence a form in H'^(Tp/k) 1 L^ ® is uniquely determined by the subset of its coefficients 

indexed by ideal of F, and is it a standard fact that coefficients at non-integral ideals vanish. 

Finally, the coefficients of a form in H°(Tp/K)lL^ ® are uniquely determined, 

since they are related to the eigenvalues of T'y, S'y and Uy, and those are fixed in the [i/;, m]-part. □ 

5.4 The modules A4^. 

Denote by Yq^q (resp. V®) the Hilbert modular varieties of level Kq^q (resp. K^) introduced in 
114.41 The natural homomorphism T® ^ lo,Q induced by the inclusion C Kq^q, is etale with 
group Aq. 
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Assume that S contains Sp U {t|p} U Q U {u} U {i;| 4'iyy ramified} = T,j^q U {i;|p}. 

Let Tg Q be the image of the Hecke algebra T'^ in the ring of O-linear endomorphisms of : 

Mo,Q := H'^(^0,Q,Vo)[V',l^(/'](mp,(7u-au,(7,-a,;qeQ)- (25) 

Let T'q be the image of the Hecke algebra T'^[Aq] in the ring of O-linear endomorphisms of 

:= (26) 
Note that the group Ag acts on via the Hecke operators C/ 5 , <5 G q, q G Q defined 


m 


Note that whereas C/q G Endc)(H'^(y‘^, Vc))[V^, depends on the choice of an uniformizer, 

the ideal (ro, C/q — ciq) doesn’t, so doesn’t. 

Again by Theorem I2.3l fil the modules Ado,Q and are free over O, hence Tgg and Tg are 
torsion free. 

By lemma [531 for all q G Q, the Hecke operators Tq and Sq belong to Tp^ A- T', hence act on 
M.. By ^5.21 and Hensel’s lemma the polynomial — TqA + 5qNp/Q(q) G T Pp[X] has an unique 
root 5 q G Tpp (resp. (3^^Tpp) above Oq (resp. / 3 q). 

Lemma 5.6. There exists an unique isomorphism of -algebras Tg g —> T^ 

Proof. As in lemma I5.4l fil it is enough to show that there is an isomorphism of T'^-algebras 

T'o^g®C Ar®C. 

The local component at q of an automorphic representation vr contributing to Tg g (g) C (or 
A4o,q®C) admits invariants by A'o(q) and cannot be special (since 7 / /?qNF/Q(q)^^ by our 
assumptions in ^5.2p : hence it is necessarily an unramified principal series and so contributes to 
Ad < 8 ) C and T^ (g) C. Moreover, vr contributes with the same multiplicity both in Ado,q (g) C and Ad (g) C. 
The proof of this fact is very similar to the proof of lemma I5.4f iil , once we notice that for every 
such vr, is two dimensional and contains an unique eigenline for C/q with eigenvalue congruent 


to aq modulo w. 


□ 


Tq- 


Lemma 5.7. There is an unique isomorphism of T'^[Ag]-algebras T p^uQ 

Proof. Both T p^uQ and Tg are defined as images of T'^[Ag] hence the uniqueness. For the existence, 
as in lemma Eli), it is enough to show that there is an isomorphism of T‘^[Ag]-algebras between 
A PpUQ <?) C and Tg (g) C. 

Consider a (cuspidal) automorphic representation tt generated by a holomorphic newform / of 
weight k, central character f;] ■ and prime to p conductor. 

If vr contributes Tg (g) C then it necessarily contributes to Tp^uQ ^ C, since by the proof of lemma 
Eli) Pf^p satisfies all the deformation conditions at primes outside Q, and there is no deformation 
conditions at primes in Q. 

Conversely, suppose that tt contributes to TppUQ<S)C. By [35l Appendix], Pf,p\gp is decom¬ 


posable and Pf,p\i^ — X ® X ^ where x factors through the natural surjective homomorphism 


(o/q) 


A 


q. By the local Langlands correspondence TTq is a principal series induced 


from two characters whose restriction to 0 ? are x and x It follows that 


Aq 

= 


^Ao(q) ^ ^ jg trivial, and 

® © (TTq ® , if X is non-trivial. 


(27) 


A, 


In both cases vTq " is two dimensional and splits under the action of C/q as a direct sum of two lines, 
one with eigenvalue 5q congruent to modulo vj and one with eigenvalue /3q congruent to (3^ 
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modulo vj. Hence vr^'' [?7q — Oq] / 0. Note that whereas t/q and the eigenvalue depend on the choice 
of an uniformizer, the decomposition doesn’t. 

Also, note that by local Langlands correspondence, the Aq-action on Tg O C coming from the 

Hecke action of A"o(<l) on tt^’’ , corresponds to the Aq-action on Tp^uQ ® C coming from the Iq-action 
on pf^p. 

The above discussion at primes in Q together with the arguments of lemma [5^ ii at the primes 
outside Q imply that tt contributes to (8) C, hence to Tg 0 C. 

□ 


5.5 The condition (TW3). 

Proposition 5.8. There is a T^-linear isomorphism A4 —> Aio,Q such that the Uq-action on A4o,Q 
correspond to the dq-action on A4. 

Proof. We may assume that Q = {q} and prove the lemma with Kp replaced by K^ q^^qj in the 
definitions of 1^, and Ai. Consider the T'^-linear homomorphism : 

Ai Ai^ , X {x, —x\(5q). 

Let Uq be the T'^-linear endomorphism of Ai'^ given by the matrix ^ acting on 

the right. Since its eigenvalues Oq and /3q are distinct modulo zu, it induces an isomorphism : 

A4 (Ad^)(!7,-a,)- 

Consider the natural degeneracy maps pr]^,pr 2 : Lo,q used in the definition of the Hecke 

correspondence Tq in ^2.11 The T'^-linear homomorphism pr^-bpr^ : H‘’*(yp, Vo)^ ^ H'’*(lo,q, Vo) 
yields (after taking [i/j, P(^]-parts and localizing at nip) : 

I : H"(yp,Vo)[V’,P</-]m, ^ li'^{Yo,q,YoMMW 

From the definition of Uq acting on Ad^ we see that ^ is C/q-linear. It is also C/y-linear, hence 
after localization at (ru, Uq — Oq, U^ — oiy) induces : 

f' : (Wl^)(p,-a,) ^ A^o.q • 

It is enough to show then that ff is an isomorphism. 

By lemma 15.61 and its proof, we see that ff ® idc is an isomorphism. It remains to prove that ^ 
(hence ff) is injective with flat cokernel. 

Let ^ be the dual of ^ with respect to the modified Poincare pairing defined in ^2.51 The matrix 
of ^ o ^ : [Ai ( 8 )k)^ ^ {Ai is given by ^ ^. It is invertible by our assumptions 

on q. Therefore is injective with flat cokernel. □ 

By T5.21 TZppUQ is a ©[AgJ-algebra. Hence the surjective homomorphism of local O-algebras 
TTs : TZppUQ Y PpUQ defined in ^ 1.21 endows TppjQ with C)[Ag]-algebra structure. 

Proposition 5.9. Ai^ is a free OlAqJ-module and A4^ ®c>[Aq] = A4o,q as -modules. 

Proof. ByTheoremEHKi) H'^(y^,Vo)mp is free over C)[Ag] and the T'^-module of its Ag-coinvariants 
is isomorphic to H‘^(yo^g, ¥ 0 ),^^. If the class group Cp defined in ^2.41 has order prime to p (in par¬ 
ticular (f) is trivial) then the claim follows simply by taking the [i/^, P]-part. In fact the [i/^, p]-part, 
for the action of a prime to p order group, of a free 0[Ag]-module is a free 0[Ag]-direct factor. 

In the general case, denote by Ap the p-Sylow subgroup of Cp x /ker((/)y)). As in ^2.41 

the p-group nyeSp(^u /ker((^y)) injects in iLo(Qn 0 )/A^ Kq,q and a fortioriin hP iLo(Qn 0 )/A^ . 
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Also the morphisms Yq —> and are etale with group Cp. Hence the etale morphism 

Yg ^ Yg'^^ (resp. Yq^q Yq^^) factors through an etale morphism Y'g ^ Yq (resp. Yq^q Dg'^g) 

with group Ap. Then Theorem I2.4r ii applies to each of the five etale morphisms in the following 
diagram : 



In particular, Vc))n^p is free over C>[Ap x Ag], hence Vo)inp[i;i)] is free over 0[Ag] 

and 

B^{Y^,Yo)mM ®o[Ag] o = Vo)^, ®o[Ag] o) [4>] = ii^iYo,Q,YoUM- 

Taking further the r^-part, for the action of the prime to p order group (Cp/Ap) x 

/ker(i/^)), and using the argument invoked in the beginning of the proof, yields the desired 
result. □ 

So far we have constructed a Taylor-Wiles system {7^, A4, {TZq,A4^)q^q} for the family Q of 
sets Q containing a finite number of primes q as in ^5.21 The aim of the next paragraph is to find 
a subfamily {(5m|W' G N} satisfying the conditions (i) and (ii) of Theorem 15.31 

5.6 Selmer groups. 

We assume in this paragraph that Pp = 0. Let pf^p be a modular deformation of p as in (Mod^). 
For r ^ 1 we put pr := Pf^p mod tu^, so that pi = p. 

We will use Galois cohomology techniques in order to control the number of generators of TZq. 

Definition 5.10. For v\p the subgroup Hf (F^, Ad° C Ad° consists of classes corre¬ 

sponding to crystalline extensions of pr by itself. 

For V \ p the subgroup of unramified classes (F^, Ad*^ p^) C H^(F^, Ad*^ pr) is defined as 

R\gFjIv,{Ad%ry^). 

Definition 5.11. The Selmer groups associated to a finite set of primes S are defined as 
H|,(F,Ad%,) =ker ( h 1(F, Ad%,) 0 H^F,, Ad° p,)/ h 1(F„ Ad^ p,) ) , 

V J 


and H|.(F, Ad*^ pf^p ® Qp /Zp) = limH|.(F, Ad° pr). 


The dual of Ad*^p is canonically isomorphic to its Tate twist Ad*^p(l). The corresponding dual 
Selmer group (F, Ad*^ p(l)) is defined as the kernel of the map 

hHf, Ad%(l)) ^ 0 Hi(F„ Ad° p(l)) 0 hHf„ Ad° p(l))/Hj(F„ Ad%(l)). 




The Poitou-Tate exact sequence yields the following formula : 
#H|,(F,Ad°p) _ #H0(F,Ad%) 

#H0(F,Ad%(l)) 


#Hi,*(F,AdV(l)) 


T-r #Hi(F„Ad%,) -rr #Hi(F„Ad°p,) 


veY 


# H^(F„ Ad'J p„) # H‘J(F„ Ad^ p,) 
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A proof for F = Q can be found in |36l Proposition 1.6], but as mentioned in [TJ Theorem 2.19] the 
same argument works over an arbitrary number field. 

By (Llindp) we have Ad*^ p) = Ad*^ p(l)) = 0. Since p is totally odd, for all u | oo we 

have dimH*’(F^, Ad*^ p^) = 1. Since p is crystalline at all places v dividing p we have 

dimH^P;, AdO p,) - dimH0(F„ AdO p,) ^ [F, : Q^] (30) 

(c/ [171 Theorem 3.20] and also [TTl Cor.2.3]). Finally, for all q G Q, dimH'^(Fq, Ad*^pq(l)) = 1. 
Putting all together we obtain : 

Lemma 5.12. dimH^(F, Ad° p) < Ad°p(l)) + #Q. 

Finally, by the same arguments as in |36[ §3] we obtain ; 

Lemma 5.13. Let m ^ 1 be an integer. Then for each non-zero element x G H 0 * (T, Ad*^ p(l)) there 
exists a prime q such that : 

— NF/Q(q) = 1 (mod p™), 

— p is unramihed at q and p(Frobq) has two distinct eigenvalues in n, and 

— the image by the restriction map of x in Hf (Fq, Ad*^ p(l)) is non-trivial. 

Put r := dimH^*(F, Ad*^p(l)). For each m ^ 1, let Qm be the set of primes q corresponding 
by the above lemma to the elements of a basis of (F, Ad° p(l)). Then Hq* (F, Ad°p(l)) = 0 
and by lemma [5.121 we obtain dimHQ^(F, Ad*^ p) ^ Therefore TZm is generated by at most 

= f elements. This completes the proof of Theorem 15.II 


6. Raising the level. 

6.1 Numerical invariants. 

Definition 6.1. For a local complete noetherian O-algebra A endowed with a surjective homomor¬ 
phism : A —> O, we define the following two invariants : 

— the congruence ideal rjA '■= ^A(Ann^(ker 0^)) C O, and 

— the module of relative differentials '■= = her 6 a/( her 9 aY■ 

Here we state Wiles’ numerical criterion : 

Theorem 6.2. [3 Theorem 3.40] Let n : TZ ^ T be a surjective homomorphism such that On = 
x oOf. Assume that T is finite and Eat over O and pj- 7 ^ (0). Then the following three conditions 
are equivalent : 

i) #^7^ ^ #(C’/hr), 

ii) = #(C>/pr), and 

iii) TZ and T are complete intersections over O and n is an isomorphism. 

We consider couples (T, At) consisting of a hnite and flat O-algebra T and a T-module M which 
is a finitely generated free O-module endowed with a perfect T-linear pairing (•, •) : M x M —>■ O 
and such that A4 iSiF is free over T ( 8 )F of a given rank (in our application this rank will be 2 *^). 
The pairing induces an isomorphism of T-modules A4 —> Horn (At, O). 

From [71 Lemma 4.17] and [101 Theorem 2.4] we deduce the following : 

Proposition 6.3. Let (T,A4) and (T',A4') be two couples as above. Assume that we have a 
surjective homomorphism T' ^ T and a T'-linear injective homomorphism ^ ; A1 ^ M' inducing 
via (•, •) a surjective homomorphism ^ : Ai' —» Al. 
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If M. is free over T and if ^ o ^{A4) = T ■ M. for some T £T then 

#(0 Irjrmo leriT)) ^ #(0/r?r')- 

Moreover, equality holds if, and only if, Ai' is free over T. 

6.2 Proof of theorem A. 

Let S be a finite set of primes containing Pp. We start by redefining Ts geometrically. 

Let Is be the Hilbert modular variety of level Ky, defined in 1)4.41 

Let 5 be a finite set of primes containing SpUSU{u|p}U{u}U{u| 4>Uy ramified} = U {u | pj. 
Let be the image of T'^ in the ring of O-linear endomorphisms of : 

My := H'^(hs,Vo)['!/;,i7(^](mp,r/u-au,r/^';qes)- (31) 

By Theorem 12.3l fil My is free of finite rank over O. 

For every Hilbert modular newform / occurring in Ts we denote by 0^ : Ty ^ O the projection 
on the /-component and by r/J the corresponding congruence ideal. 

Lemma 6.4. i) There is an unique isomorphism of -algebras = Ty- 
ii) A4s < 8 ) C is free of rank 2 '^ over Ts < 8 ) C and C/" acts as 0 on it for aii q G S. 

Proof. We follow closely the proofs of lemmas 15.41 and 15.71 The main point here is to show that, if 
/ is a Hilbert modular newform occurring in Ts < 8 > C and tt denotes the corresponding automorphic 
representation, then then for all q G H, [f/qr'q] = (vTq (g) contains an 

unique eigenline for C/q with eigenvalue congruent to 0 modulo w (and this eigenvalue is actually 
0). We distinguish three cases. 

• If (iiqc/q)”^ ( 8 > /9/,p is unramified at q, then necessarily dq = 2, Cq = 0 and 

dim((7rq®</-ii7/i)^°('’^)) =3. 

The characteristic polynomial of U” = [iLo(q^) (^‘’ ^) Ko{(\^)] acting on it is given by ; 

A(x 2 - C(/, q)A + V'(q) Np/Q(q)'^°-') = ef{X{X^ - T'A + NF/Q(q))), 

and A = 0 is simple root modulo w of this polynomial. 

• If dim ® Pf,p)^‘' ~ 1) then dq ^ 1 and 

dim ((vTq ® ^ 2 . 

The characteristic polynomial of U” = [Ao(q'^''+'^‘') ('^‘' °) )] acting on it is given by : 

A(A-c(/,q)) = df=(A(A-H;)), 

where C/' = [Ao(q'^‘'’'''^‘'“^) (^‘' °) and A = 0 is simple root modulo w of this polyno¬ 

mial. 

• Finally, if ((t'q</q)“^ < 8 > Pf,p)^'' = {0}, then 

dim ((TTq ® = 1 , 

and C/q = 0 on it. This completes the proof. □ 

By 1)1.21 we have a surjection tty ■ IZy: 'H'y- Therefore we may endow TZy with a surjective 

homomorphism 6 ^ o tty ■ Pt, — > O and we denote ‘hj the corresponding numerical invariant. 
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Proposition 6.5. Proposition 1.2] , E/ O) = Ad^{pf^p) OQ^/Zp). 

Finally, one easily deduce from ^2.51 a perfect T s-linear pairing : 

(;■} -.MexMe^O, (32) 

which is analogous to the one defined in [111 1.5.3, 1.8.1] in the case F = Q (note that since T, D Pp 
we do not need the rather technical m Lemma 1.5]) 

Theorem A is implied by the first part of the following : 

Theorem 6 .6. Let p : Qp —> GL 2 (Fp) be a continuous representation satisfying (LIj^^^) and 
(Modp). Let F be a finite set of primes containing Pp. Then tte ■ P-e Te is an isomorphism of 
complete intersections over O and Me fs free of finite rank over Te- In particular, all F-ramihed 
deformations of p are modular. 

Moreover, for all Hilbert modular newforms f such that pf^p is a Ti-ramihed deformations of p : 

#Hi,(L,Ad0(p/,p)®Qp/Zp) = #(O/7?f=) <oo. (33) 

Proof. We proceed by induction on ifF. Assume first that F = Pp. We already know that vrp : 
Ppp TPp is an isomorphism of complete intersections over O and Mp := M is free of rank 2 '^ 
over Tp^ icf Theorem 15.ll if Pp = 0 and proposition 15.51 together with Fujiwara m Theorem 9.1] 
in general). 

Assume now that the theorem holds for some T, D Pp, that is to say tte ■ Pe ^ Ts is an 
isomorphism of complete intersections over O and that Ads is free over Ts. In particular, we have 
/i/j), where / is a newform contributing to M. 

Let q be a prime outside S not dividing p. Put S' = S U {q}. 

It follows directly from Proposition 16.51 and Definition 15. Ill that : 

^ • #H°(Lq, (Ad°(p/,p) ® Qp/Zp)(l)). 

By Theorem 16.21 and Proposition 16.31 the theorem will hold for S' if we construct a surjective 
homomorphism Te' —» Te compatible with the surjections and and a Ts'-linear injective 
homomorphism ^ : Me ^ Me' inducing a surjection ^ : Me' Me such that ^o^(Ads) = T-Me 
for some T G Te satisfying 

#{0/9f{T)) = #HO(F„(AdO(p/,p)®Qp/Zp)(l)). (34) 

This is done case by case, depending on the local behavior of p at q (cf Dehnition 14.21) . 

The case q G Sp\5p is relatively straightforward, since adding such a prime does not change 
Me- We will distinguish two more cases : 

1) Assume that q ^ Sp. In this case pq (8) is unramified. 

By Theorem 13.11 and Proposition 13.31 the homomorphism 

pr*pr* +pr*pr*+pr:pr* : Mf = H'^{Ye,YoM,^KI ^ H^iYE' 
is injective with flat cokernel. 

The characteristic polynomial of [/'' acting on is X{X‘^ — TqX + 5qNp/Q(q)) and X = 

0 is simple root modulo ro of this polynomial. Hence the localization of the above injection at 
(C/q, Uu — ciu) yields another injection with flat cokernel : 

f, ■ -M-e Me' ■ 
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This gives a surjective homomorphism T^,' ^ = Ts- Computations performed by Wiles 

|361 §2] and Fujiwara m show that ^ o = T ■ with 

T = (NF/Q(q) - 1 )(t 2 - 5,(NF/Q(q) + l)^). 

Then (j34|) follows by a straightforward computation. 


2) Assume that q e Sp. In this case dim(/)q (g) = 1. 

By Proposition 13.31 there is an exact sequence whose last arrow has a flat cokernel : 


0 ^ H' 




Vo) [!/>,?</>] 


trip? 


where K'” = ker(it'i(q‘^‘> O^). 

The characteristic polynomial of U” acting on (prg + pr 4 )(A 42 ^) is A(A — [/') and A = 0 is 
simple root modulo w of this polynomial. Hence the localization of the map pr^ + pr^ at ms' = 
(ms,Hq) yields an injection with flat cokernel : 

( : Ms (A4|^)f/// Ms' ■ 

This gives a surjective homomorphism Ts' ^ -T't,- Computations performed by Wiles 

IMl §2] and Fujiwara m show that ^ o ^(A4s) = T ■ Ms with 


T = 


NF/Q(q) — 1 if pq is decomposable, and 
NF/Q(q)^ — 1 if Pq is indecomposable. 


As above, (I34|] is obtained by a straightforward computation. 


□ 


6.3 Towards the modularity of a quintic threefold. 

We will give now an example coming from the geometry where Theorem A applies. Consani and 
Scholten [ 6 ] consider the middle degree cohomology of a quintic threefold X (a proper and smooth 
Z[^]-scheme with Hodge numbers = 1, = h}'^ = 0 and = 141). They show that 

the t/Q-representation H^(Aq, Qp) is induced from a two dimensional representation p of and 

conjecture the modularity of p. As explained in [12], Theorem 16.61 implies the following proposition 

Proposition 6.7. (Dieulefait-D.) Assume p ^ 7 and that p is congruent modulo p to the p-adic 
Galois representation attached to a Hilbert modular form on Q(\/5) of weight ( 2 ,4) and some prime 
to p level. Then p is modular and, in particular, the L-function associated to H^(Aq, Qp) has an 
analytic continuation to the whole complex plane and satisfies a functional equation. 


7. Cardinality of the adjoint Selmer Group. 

In this section we give a proof of Theorem B. It is enough to establish (i), since then the finiteness 
of Hj (F, Ad°(pj^p) < 8 )Qp/Zp) implies (ii) by the same argument as in [TTl § 2 . 2 ]. 

Choose a finite set S of primes not dividing p, containing the auxiliary prime u and all primes 
(not dividing p) at which Ad*^(p/^p) is ramified. Denote by fs the automorphic form contributing 
to A4 e corresponding to the newform / of Theorem B. 

7.1 Periods of automorphic forms. 

For J <Z Jp denote by ej the corresponding character of the Weyl group (o C GL 2 (F< 8 )qM). 

Put = e GU{F M). 
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We fix an isomorphism C = Qp extending the embedding Lp : Q ^ Qp. Since Vfs is free over 
the principal domain O, lemma [6^ iii implies that ej] is a free O-module of rank one, where 

[ej] denotes the eigenspace for this character and [/] denotes ^sker(r^ - c{f,v)). 

Let be the C-vector space of automorphic forms on GL 2 (-F)\GL 2 (A) which are 

holomorphic of weight {k]ko) at infinity and right iLo(ns)-equivariant for the character (“^) > 

ip{d)u(p{ad — be). In particular such a form is right iLs-invariant. Let 

Sj : Sk{Kj:;ijj,u4>) Vc)[i/', ?</>, ej] , and 

<5 : 0 ^ Hf,,p(Vs,Vc)[iA, ?</.]. 

JcJf 

denote the Matsushima-Shimura-Harder isomorphisms ief [191 Proposition 3.1, (4.2)]). 

Definition 7.1. For every J C Jf, we fix a basis bjj of M.T,[f,ej] and define the period Qjj = 
e C^/O^. We fix JqCJf and put and Qj = 

Remark 7.2. Classicaly, the Matsushima-Shimura-Harder periods of a newform / of level n are 
defined using a basis of the free rank one O-module H'^(yi(n), Vc))[/, ej] (c/ [T3l §4.2]). As shown 
in m Theorem 6.6, §4.4,§4.5] the value at 1 of the imprimitive adjoint L-function divided by those 
periods measures the congruences modulo p between / and other Hilbert modular eigenforms of 
same weight, level and central character. However, in general the corresponding local Hecke algebra 
does not have a Galois theoretic interpretation whereas, as proved in Theorem A, Ts does, hence 
our choice to define the periods using Aislf, ej]. 


Next we explain the relation between the Peterson inner product and the modified Poincare 
pairing defined in ^2.51 under the Matsushima-Shimura-Harder isomorphism. 

The Atkin-Lehner involution ^ = (V) induces an isomorphism 

^ /(u) (g) (36) 

The Hecke operator [iL^xAs] acts on Sk{K-£-,^., Vcf)) by sending / on where Kj]xKj] = 


We have the following commutative diagram, where the horizontal arrows are isomorphisms : 


5'fc(As;'!/),U(/))- 

IK-s:i.~^xlKs] 
Sk{KY.-,i>,V(l)) - 






(g)i/) 


i/i(det(a;))[Asa:A's] 


(37) 


Finally, for /i ,/2 G Sk{KF,;'tp,r'4>) we define the normalized Peterson inner product by 

(/i,/2) = [A(l) : Ao(ns)]-' [ h{g)h(^\det{g)\^-^°dg. (38) 

We have ifl\[K^xK^], f 2 ) = \det{x)\‘^-’^°{fi, f2\[K^x-iK^]) = f2\[Ks,xi.-iK^])- 

It follows that the Hecke eigenvalues of /s are complex conjugates of those of /s(t)(8 )V’~^- Using 
I6.4l ii) we deduce by Strong Multiplicity One that these two forms differ by a constant, which turns 
out to be in (the arguments of [TTl 2.13] involving local epsilon factors can be adapted to our 
setting). Hence, in the computation that follows, this constant can be ignored, as well as N(ns) and 
powers of 2 : 

(/s, /s) O = [6{h),S{h{-iF^) ® r')] O = {6{h),6{U-F^))) O = {6j,{h), <5jyj„(/s)) O . 
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From here and definition O we obtain the relation we have been looking for ; 




(/s,/s) ^ 
D+D“ 


( 39 ) 


7.2 The Rankin-Selberg method. 

The Rankin-Selberg method relating the Peterson inner product to the value at 1 of the adjoint 
L-function has been carried out by Shimura for Hilbert modular newforms / of level iFi(n). Since 
the level structures K-£ that we consider are more general, the resulting formula in our case slightly 
differs from Shimura’s. While Shimura’s formula relates the Peterson inner product of / with the 
imprimitive adjoint L-function, in our setting the Peterson inner product of /s will be related to 
adjoint L-function outside S. We follow Jacquet’s adelic version of the Rankin-Selberg method for 
GL 2 and our main reference is Bump [1]. 

All integrals that we consider are with respect to Haar measures on the corresponding algebraic 
groups. The normalized Peterson inner product (j38|) can be rewritten as : 

ih,h)= [ \fT.{g)\‘^\det{g)\‘^~'^°dg. (40) 

JGL2(F)A^\GL2iA) 

The automorphic form /s admits an adelic Fourier expansion : 

/(9)= E(“I) 

y&F>^ 

where W{g) = A(x)/ g) dx is the adelic Whittaker function with respect to an additive 

unitary character A given locally by A^(x^) = exp(—27ri tr(x)). If 5^ denotes the valuation at v of 
the different O of F, then A„(u“^” o^) = 1. The following decomposition can be found in [U Theorem 
3.5.4], but one should be careful to replace the usual k/2 hy k + m — t since we are using the 
arithmetic (non-unitary) normalization (c/ [141 pp.566-567]) : 


^ ((^ ?)) = y-exp(-27r tr( 2 / 0 ,)) n ^^4 ("0 ?)) • 


(42) 


Let ip be the Schwartz function on A x A defined as product of the following local functions : 

I char(Ou) ( 8 ) char(o^) , for u ^ S; 


ipr{x, y) = exp(-7r(x y )) and ify = 


I char (u'^”"'''^”) ® char(o^) , for u G S. 


(43) 


For g G GL 2 (A) put £{g) = Cf,e(2s) ^ 7 r^'^F(s) det( 5 )l^ l)g)dt. 

Then e is a right iFo(i^s) S 02 (L ( 8 )q M)-invariant function on GL 2 (A) such that e(l) 
^iioy')9) = 1 7 1*^(5') • Consider as in [U §3.7] the Eisenstein series : 

E{g,s)= £{yg). 

BiF)\GL2iF) 


1 and 

( 44 ) 


The Rankin-Selberg unfolding yields (cf [H pp.372-373]) : 

E{g, s)l/s(5')l^l det{g)\'^~^°dg = 


L 


GL2(F)A>‘\GL2(A) 


[ f 1^ ((4) 5 ) I' 4(4) 5 ) \y\^-^°\det{g)\‘^-^0dydg. 

7b(a)\gl2(a) Ja^_^_ 
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Here denote the subgroup of ideles with totally positive infinite part. In [3] the integration is 
over Ap but this makes no difference, since Ap = Ap_^ and the adelic Fourier expansion of f{g) 
is supported only by totally positive elements. Using Iwasawa decomposition 

GL2(A) = B{A) GL2(o ®Z) S02(F Oq M), 

and the right S 02 (F( 8 )QM)-invariance of the integrand, we further rewrite this integral as n, z, n. 


where Z,, = 


'GL2(oO Jf^ 


((oi)5')l^^’^ (( 01 ) 5 ) \y\^ ^°dydg , and 


Z^ = 


foo roo 

/ \V^r{l[)\ / exp{-AFy)y^+’^--^d^y = i4Tr)-^->^-+^T{s + K-l). 

Jo Jo 

Furthermore for v ^ T, (resp. v £ T,) the function ■ {4>vFv)~^ ° det is right GL 2 ( 0 t,)-invariant 
(resp. A'o(^^^’'"*~‘^’')-invariant) and hence the same holds for llUyp. Moreover (( 01 ) 5 ) |y|~* is by 
definition the characteristic function of GL 2 (o^) (resp. Hence for all v : 


Z„ — 


\W.{l[)\"\y\^+^-'^°dy. 


For n ^ S we have Zy = + N(i;) ^)Ly{Ad^{pf^p), s) (c/ [H Proposition 3.8.1]). 

For n G S, Wy is killed by Uy, hence Zy = Therefore 


L 


GL2(F)A>'\GL2(A) 


E(g, »)| A(9)lt det(g)f-'“ dg = I] 

T£jp 


Cf,s(2s)Cf,s('S) 


r(s + A;,- - 1) 

(47r)s+A 


-1 


By m Proposition 3.7.5], E{g, s) has a pole at s = 1 with residue independent of g and equal to 
the residue at s = 1 of the function Cf,e(2)~^f'^ f^x ltl^^ip(t,tx)dtdx. One readily computes : 

f f \tfip{t,tx)dtdx = — ^ 

Jr Jr^ f 


F 7r (1 + x2) 


= 1 , and 


(1 -N(i;)^-2®)-i 


|2s 


/F, JfJ 


(p{t, tx)dtdx = 


, for i; ^ S; 


(1 - N(i;)-i)(l - N(n)i-2^)-i , for i; G S. 


f ^ ^ 1^T t\A0t ^ Ls(Ad°(p/,p), 1) nr(^T-l)! 

ih, h) = ^^r(Ad (pf^p), 1) Ls(Ad (p/,p), 1) =-- 4 |fc|N(nsc))-i’ 

Since by our assumptions 41^ 1 G ^(p) if follows that £ ^(p)- Since by 

definition r(Ad‘’(pj^p), s) = OtsJf (27r)“i^+^^“^ir(s + ky — 1) we obtain 

r(Ad°(p/,p),l)Ls(Ad°(p/,p),l) ^-x 


(/s,/s) 


(p)' 


(46) 


7.3 End of the proof of Theorem B(ii). 

Recall that A4s is endowed with a perfect Ts-linear pairing : (•, •)s : x Aij] 

Since for all JcJp, A^s[/) ej] is free of rank one over Ts it follows that : 

idf? = disc(A4s[/, ej,] © A4s[/, ej^\jo]) = ^ ■ 

Using (l3^ we obtain 

-f/=(GA.Gw.>o = i^^o. 


o. 


(47) 
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By is irreducible, hence Schur’s lemma imply H°(F, (8)Qp/Zp) = 

H°(F, (Ad°(p/^p) <8) Qp/Zp)(l)) = 0. Then [TTl Lemma 2.1], which remains valid over F, yields : 

Fitto (H|,(F,Ad°(p/,p) ®Qp/Zp)) = Fitto (H^T, Ad°(p/,p) ® Qp/Zp)) [] Fitto (H^T;, Ad°(p/,p)(l))*) . 

i;eS 

By [ini Proposition I.4.2.2(i)] and [HI p.708. Lemma 2.16] 

Tam(Ad°(yO/,p)) = Tam.r(Ad°(p/,p)) Tam^(Ad°(p/,p)) = Tam^(Ad°(yO/,p)). 

T V V&T, 

Furthermore, by m Proposition L4.2.2(ii)] and its proof and [111 (57)], for u G S we have 
Tam,(AdO(p/,p)) = Fitto {ilHh, Ad\pf,p))t^) = Fitto (hH/., Ad0(p/,p)(l))f„^“) = 


Fitto (HfHF„Ad°(py,p)(l))) 
Fitto (Hf Ad°(p/,p)(l) <8)Qp)) 


L,(AdO(p/,p),l) Fitto (Hi(F„AdO(py,p)(l))*) . 


From the three previous equations we deduce : 

Tam(Ad°(p/,p)) Fitto (HK^, Ad0(p/,p) ® Qp/Zp)) = 
= n L,(Ad°(p/,p), 1) Fitto Ad0(p/,p) ® Qp/Zp)) . 

■uSS 


(48) 


Finally, since pf^p is a S-ramified deformation of p = pjp (cf Definition and D Pp (cf 
Definition 14.2p , Theorem 16.61 yields 

Fitto (Hs(F,Ad°(p/,p)(8)Qp/Zp) =r]f. (49) 

The theorem results by putting together the equations (06]), (07]), (|i8]) and (|i9]) . 
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